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Abstract: 

We discuss Wu-Yang type solutions of Maxwell- Cher n- Simons and Yang- 
Mills-Chern-Simons theories. There exists a natural scale of length which 
is determined by the inverse topological mass v ~ ng 2 . We obtain the non- 
CN ■ abelian solution by means of a 577(2) gauge transformation of Dirac magnetic 

^ monopole type solution. In the abelian case, field strength locally determines 

the gauge potential up to a closed term via self-duality equation. We intro- 
duce a transformation of the gauge potential using dual field strength which 
can be identified with the gauge transformation in the abelian solution. Then 
we present Hopf map S 3 — > S 2 including the topological mass. This leads 
to a reduction of the field equation onto S 2 using local sections of S 3 . The 
local solutions possess a composite structure consisting of both magnetic and 
Ph! electric charges. These naturally lead to topologically massive Wu-Yang so- 

lution which is based on patching up the local potentials by means of a gauge 
transformation. We also discuss solutions with different first Chern numbers. 
There exist a fundamental scale A = 2iT/g 2 over which the gauge function 
is single-valued and periodic for any integer n in addition to the fact that 
it has a smaller period X/n. We also discuss Dirac quantization condition. 
We present a stereographic view of the fibres in the Hopf map. Meanwhile 
Archimedes map yields a simple geometric picture for the Wu-Yang solu- 
tion. We also discuss holonomy of the gauge potential and the dual-field on 
S 2 . Finally we point out a naive identification of the natural length scale 
introduced by the topological mass with Hall resistivity. 
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1 Introduction 



Topologically massive gravity and gauge theory are dynamical theories which 
are specific to three dimensions [1, 2], [3]. They are qualitatively different 
from the Einstein gravity and the Yang-Mills gauge theory beside their math- 
ematical elegance and consistency. 

The most distinctive feature of the topologically massive gauge theories 
is the existence of a natural scale of length introduced by the topological 
mass: \y\ = [g] 2 = L~ l [4], [5], in geometric units (h — 1, c = 1). The Dirac 
monopole [6] type solution of the Maxwell-Chern-Simons electrodynamics in 
a space with euclidean signature is an example of the essential new feature 
introduced by the topological mass [7]. This is a physical system which is a 
priori unrelated to gravity but which nevertheless requires curved space for 
its existence [7] . 

We discuss euclidean topologically massive Wu-Yang type solutions [8, 9], 
[10] of the Maxwell-Chern-Simons (MCS) and the Yang-Mills-Chern-Simons 
(YMCS) theories on de Sitter (dS) space S 3 . 

In section 2 we present, after a brief account of the YMCS theory, the 
geometric frame including the natural scale of length which is determined 
by the topological mass. We use an intrinsic arclength parameterization. 
This endows us with a dimensionally consistent framework for our solutions 
in geometrical terms. We obtain the non-abelian solution by embedding 
the Dirac solution [7] into the YMCS theory by means of a SU(2) gauge 
transformation [8, 9], [10]. 

We return to the MCS theory in section 3. In the topologically massive 
electrodynamics, field strength locally determines the gauge potential up 
to a closed term via self-duality equation [11], [12], [13]. We introduce a 
transformation of the gauge potential using the dual-field strength. This will 
lead to the gauge function in Wu-Yang solution in terms of electric charge. 

Then we present Hopf map S* 3 — > S 2 including the topological mass 
[14, 15, 16]. This leads to a reduction of the field equation onto S 2 using local 
sections of S 3 . The Hopf map yields local gauge potentials on S 2 which differ 
by a gauge transformation. This gives rise to topologically massive Wu-Yang 
solution. The gauge functions, in both the abelian and non-abelian cases, 
contain the topological mass v ~ ng 2 which yields the strength vj ' g ~ ng for 
potentials. This is analogous to the non-massive Wu-Yang monopole which 
consist of the dimensionless factor eg. 
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The local solutions have a composite structure consisting of both mag- 
netic and electric charges which are related via integral of the field equa- 
tion. The gauge function can equivalently be given in terms of either the 
magnetic charge or the electric charge. Conversely the integrated field equa- 
tion naturally gives rise to Wu-Yang type solutions on S 2 [8, 9], [10] and to 
loop- variables [17, 18]. We also consider solutions with different First Chern 
numbers. 

In section 4, we present three geometric structures which arise in con- 
nection with our solutions. We briefly present a stereographic view of the 
fibres in the Hopf map [19], [20, 21]. Meanwhile Archimedes map [22], [23] 
provides a simple geometric picture for the Wu-Yang solution on S 2 . We also 
express geometric phase [24], [25], [26, 27] suffered by a vector upon parallel 
transport on S* 2 [23], [28] in terms of holonomy of the gauge potential or the 
dual-field [29, 30, 31, 32], [33], [34]. 

Then we discuss quantization of the topological mass: v = ng 2 and the 
length scale determined by it in section 5. There exist a fundamental scale 
A = 2n/g 2 over which the gauge function is single- valued and periodic for any 
integer n in addition to the fact that it has a smaller period A/n. We discuss 
the First Chern number and the quantization of the topological mass in terms 
of winding numbers of maps of circles. We also discuss Dirac quantization 
condition. 

The geometric framework presented here might provide a naive expla- 
nation for the integer quantum Hall effect if the Hall resistance could be 
identified with the natural scale of length introduced by the topological mass. 

The literature consists of various discussions on quantization of the topo- 
logical mass and topological aspects of Wu-Yang type constructions (with no 
solution) [35, 36, 37, 38], beside different monopole/instanton type solutions 
[39, 40], [41, 42]. However there arise conflicting arguments, see for example 
[36, 37] , because the essential new feature introduced by the topological mass 
is ignored in topological discussions, except a few remarks [41, 42]. To the 
knowledge of the author, the solutions and geometric constructions presented 
here which clarify this issue are lacking in the literature . 

A lorentzian version of these solutions and structures on AdS space was 
given by the same author [43]. The connection of the MCS theory with 
contact geometry and curl transformation was discussed in [44]. 
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2 The Non-Abelian Gauge Theory 



2.1 Yang-Mills-Chern- Simons Theory 

The topologically massive SU (2) YMCS theory is given by the dimensionless 
action 



Symcs — Sym + Scs (1) 
= -- Jtr^F A *F^J - v Jtr^F AA + ^gA A A A A 

where v is the topological mass. We include the factor containing the gauge 
coupling constant g in (1) in expressions for the field and the gauge potential 
because of underlying geometric reasons that will become clear in advance. 
This will lead to strength g for the potential upon assuming quantization of 
the topological mass. The YMCS action (1) yields the field equation 



D*F -uF = 0, (2) 

where D is the gauge covariant exterior derivative. The field 2-form also 
satisfies the Bianchi identity 



DF = 0. (3) 

The covariant exterior derivative D respectively acts as D*F = (d — g{A, })* 
F and DF — (d — g[A, ]) F on the dual field 1-form *F and the field 2-form 
F. Here { , } denotes the anti-commutator and [ , ] the commutator. 

Action (1) is not invariant under non-abelian large gauge transformations 

A' = U- X AU - -U~ l dU. (4) 
9 

It changes by 



W = -8tv 2 — w, (5) 
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neglecting a surface term that vanishes under suitable asymptotic conver- 
gence conditions on U [1, 2], [3]. Here w is the integer winding number 



w = 




tr ( U^dU A U- l dU A U^dU 



(6) 



of the gauge transformation [1, 2], [3]. Therefore the large gauge transfor- 
mations, which are labeled by the winding number w, have a non-trivial 
contribution to the action. 

In the lorentzian case if we demand the expression exp(iS) to be gauge 
invariant in order to have a well-defined quantum theory via path-integrals, 
then the change (5) can be tolerated if the topological mass is quantized as 



We remark that the action, the field equation and the solutions presented 
here, which are defined on a curved space with euclidean signature, are all 
real valued. We shall refer the relation: v ~ ng 2 as the quantization of the 
topological mass no matter if n is an integer until section 5. Because this 
relation will naturally arise in our solutions. 



We shall consider the MCS and YMCS theory over a space with the co- 
frame consisting of the modified left- invariant basis 1-forms of Bianchi type 
IX in Euler parameters [7]. The topological mass introduces a geometric 
scale of length. We shall use an intrinsic arclength parameterization where 
the arclength parameters are independent of the length scale introduced by 
the topological mass. 

We scale the unmodified co- frame with the dimensionful factor \ jv. This 
yields 




(7) 



[1, 2], [3]. 



2.2 The Natural Scale of Length 



i 



— sm{yip)d6 + cos{vip) sm(v6)d(f) 
cos + sm{v%l)) sm(u9)d(f> 
dip + cos(u9)d(p, 



(8) 
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in terms of the intrinsic (half) arclength coordinates 



e= l -R6 , 4> = \r4 , iI> = \r$ (9) 

= -9 = -4> = 

v v v 

which have the dimension of length: [9] = [(f)] = [ip] = L. This amounts to 
scaling the Cartan-Killing metric by the factor 1/u 2 



ds 2 = r] a bUJ a uj b i] ab = diag(l, 1, 1) (10) 
= d9 2 + d(j) 2 + 2 cos(v9)d(f)dtp + dip 2 
= d9 2 + sin 2 (u6) d<f) 2 + [# + cos(^)rf0] 2 , 

which yields the de Sitter space S 3 . The radius of the 3-sphere is scaled by 
the same factor: R = (l/v)R = (l/v)2. The parameters 9, <f>, ip respectively 
represent the half-length of arcs which corrrespond to the Eulerian angles 
9 — v9, 4> — ip — ut/j on the 3-sphere of radius R = 2/ v. Thus (10) 
is the metric on the 3-sphere S 3 of radius R — 2jv which is parameterized 
in terms of the (half) Eulerian arclengths. The co-frame (8) determines a 
unique orientation on this sphere. The scalar curvature 1Z of this 3-sphere is 
determined by its radius R 



[45]. Note that the arclength parameters are independent of the length scale 
determined by the inverse topological mass. We shall only consider rotational 
degrees of freedom which are associated with the intrinsic arclengths. 
This 3-sphere S 3 can be embedded into the euclidean space R 4 



(y 1 ) 2 + (y 2 ) 2 + (y 3 ) 2 + (y A ) 2 = R 2 , R = \, (12) 



[7] by the correspondence 
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y 1 



y 3 

where R 

ds 2 = (dy 1 ) 2 + (dy 2 ) 2 + (dy 3 ) 2 + (dy') 2 , (14) 

on R 4 reduces to (10) with this correspondence. 

The Hodge-duality relations and the Maurer-Cartan equations for the 
basis (8) immediately lead to the result that the MCS field equation: d(*F — 
vA) = will be identically satisfied for the gauge potential 1-form: A = 
— (v/g)uj 3 [7]. The field equation is given by the derivative of the self-duality 
condition: *F — vA = for the topologically massive abelian gauge fields 
[11], [12]. The MCS action vanishes for this potential: Smcs^] — 0. Note 
that a change in the orientation leads to a change of sign in the field equation. 

We shall define the Hopf map S 3 — > S 2 including the topological mass 
in section 3.2. We also scale the radius of the unit 2-sphere by the same 
factor \jv 

Or 1 ) 2 + (x 2 ) 2 + (x 3 ) 2 = r 2 , r= X -. (15) 
The correspondence with the metric on S 2 is given by 

x 1 = r sm(v9) cos(z/0) , x 2 = r sm(u6) sin(z/0) , x 3 = r cos(u9), (16) 

where r = \jv. This provides an embedding of this 2-sphere S 2 into the 
space R 3 with radius r — \jv. The flat metric 

ds 2 = (dx 1 ) 2 + (dx 2 ) 2 + (dx 3 ) 2 , (17) 
7 



_ f e\ ( ^ + 2 D o\ . ^ + 

it cos v— cos v , y — it cos v— sin v 

(13) 

R • ( 0\ ( 4 p • ( 0\ . ( 

itsm v- cos v — - — , y — K sin I v— sin v — - — , 



2/ is. The flat metric 



on R 3 reduces to the metric 



ds 2 = d9 2 + sin 2 (v8) dcf) 2 , (18) 

on S* 2 with this correspondence. Thus (18) is the metric on the 2-sphere S 2 
of radius r — \ jv which is parameterized in terms of the length of spherical 
arcs corresponding to the spherical angles 9 — v9, — ucf>. More precisely, 
9 is the length of the geodesic arc from the north pole to the south and is 
the length of the geodesic arc on the equator. 

The range of the parameters 9, 0, ip are determined by the topological 
mass. The arclength on the equator of S* 2 uniquely defines the angle 
= z/0 for any parallel. The length of an arc, on the parallel determined by 
9 = (l/u)9, which corresponds to the angle is 



Sin( ^-0 = sin(^)0. (19) 



v 



This reduces to the arclength on the equator: = (1/V)0 when 9 — v9 — 7r/2. 
The coordinate which is well-defined for any point except the poles on S 2 
changes from = to = 2-n/u round about any parallel. 

2.3 The Topologically Massive Non-abelian Solution 

First consider the solution which is given by the gauge potential 1-form: 



A — —- uj 3 r 3 = -- \dip + cos(z/6>)d0lr 3 , (20) 
9 9 L J 

[7]. Here Tj = <Ji/2i where <Tj are the Pauli spin matrices. The factor vjg 
yields (l/47i)ng for the strength of the potential A upon quantization of the 
topological mass (7). This is analogous to Dirac's quantization condition 
eg = n which leads to strength g for the non-abelian solution upon a gauge 
transformation of the Dirac's monopole potential [9], [10]. 

A gauge transformation of the potential (20) necessarily contains the 
topological mass inherently in the gauge function, because it also appears in 
the potential (20). This is intuitively analogous to the gauge transformation 
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in the non-massive Wu-Yang monopole that contains the dimensionless factor 
eg. In our case this is basically due to the arclength parameterization. The 
gauge function which embeds the topologically massive abelian solution (20) 
into the YMCS theory is an element of the group SU(2) [46], [47]. This is 
given by normalizing the radius R of S 3 which is parameterized with the 
Eulerian arclengths as 



U 



R \ -z 2 z l 



exp (— 1/7T3) exp (-z//3r 2 ) exp (-rar 3 ). (21) 



Here z l = y 1 + iy 2 , z 2 = y 3 + iy 4 . We identify the Euler parameters as 
a — (f), (3 = 6, 7 = V- This is the analog of the gauge transformation which 
embeds the Dirac monopole solution into the SU(2) YM theory [9], [10]. 
Note that U -> 1 as v -> 0. 

The gauge transformation (4) with the gauge function (21) have winding 
number w — 1 (6). It yields the potential 1-form 



A' = U- l AU - -U~ l dU 
9 

sin(z/0)ri — cos(z/0)t2 



(22) 



9 



d9 



+ 



cos(u9) cos(z/0)ti + cos(z/6 l ) sin(z/0)r 2 — sin(z/6 l )r3 



sin 1/ 



This gives rise to the field 2-form 



F' = dA' - gA' A A' = U^FU (23) 
,2 r 

sin(z/6 l ) cos(z/0)ti + sin(z/^) sin(z/0)r 2 + cos(z/6')r3 

sm(v9)d9 A #. 
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The dual field 1-form covariantly transforms as: *F' = U~ l * FU . The field 
equation (2) and the Bianchi identity (3) are identically satisfied since they 
also covariantly transform. This is the topologically massive non- abelian 
Wu-Yang solution which is the generalization of the non-massive Wu-Yang 
solution given in [9]. 
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We have three observations which are based on dimensional arguments 
in the equations (20), (21), (22), (23). 



(i) The gauge function necessarily contains the topological mass as in (21). 

(ii) The strength v j g of the abelian gauge potential (20) is crucial for finding 
the field 2-form (23) in the non-abelian case. One finds the correct ex- 
pression for the field 2-form with this choice. 

(iii) This is associated with the quantization of the topological mass. 

Thus if the strength of the potential is given by is/ g then we inevitably 
arrive at condition (7), because this yields vjg — (l/47r)ng as the strength 
of the potential. Conversely, if one starts with a potential with strength 
(l/4-7r)ng, then one needs to use (7) in finding the non-abelian gauge potential 
A' (22) and field F' (23). Moreover the YMCS field equation reduces to 
condition (7) which will be identically satisfied. Note that in this discussion, 
number n is a free parameter. The gauge coupling strength and the electric 
charge are denoted with g. The factor of 1/Att in the topological mass (7) is 
included in the strength of the potential for the sake of conciseness. 

Action (1) for the potential (22) reduces to the Yang-Mills term because 
the Chern-Simons piece vanishes 



This is equal to change W (5) in the action due to the gauge transformation 
(21) which have winding number w — 1. The other term which arise in the 
action as a result of the gauge transformation (21) vanishes. The quantization 
of the topological mass also leads to 



Symcs[A'\ = -8tt 2 — = -27m. 



(24) 



(25) 



for the scalar curvature (11). 



10 



3 The Abelian Gauge Theory 



3.1 Maxwell- C hern- S imons Theory 

The action for MCS theory is 

Sues — S M + S C s (26) 

For later convenience, we explicitely write 1/2ti in (7) as an overall factor 
in the action. We also adopt a slight change of convention in the abelian 
potential: A = — (1/2) (u/g)uj 3 and the topological mass is now given as: 
v = ng 2 . The MCS action (26) yields the field equation 

(*d-u)*F = 0. (27) 

The field 2-form also satisfies the Bianchi identity dF = 0. We can easily 
derive 

(A-u 2 )F = , (A-z/ 2 )*F = *(A-z/ 2 )F = 0, (28) 

where A = (d + 5) 2 is the Laplace-Beltrami operator. The operator A — v 2 
is factorizable as 

A-v 2 = (d* -v)(d*+v) = (d*+v)(d* -v). (29) 

We find 

(*d — v)A— ua, (30) 

if we integrate (27), after taking the Hodge-dual. Here a is a closed 1-form: 
da — which can be made to vanish by means of a gauge transformation if 
locally a = dB. Thus the topologically massive field locally determines the 
potential up to a gauge term via the self-duality equation 
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(*d -v)A! = 0, F' — F — dA', 



(31) 



where A' = A+a [11], [12]. Therefore the field equation is identically satisfied 
for a self-dual field/potential A'. Because the equations (27) and (31) are 
symmetric under the interchange *F <-> z/A Hence we can also treat the 
dual-field 1-form *F as a gauge potential in the field equation (27). As a 
result the field equation (27) reduces to finding the strength of the potential 
which is determined by the field strength itself 



F' = dA' = -d* F = F. (32) 
v 

The Bianchi identity dF' = is also satisfied. The Maxwell and the Chern- 
Simons terms in the MCS action (26) interchange under this symmetry as 
F' = F is kept fixed. 

We can define yet another potential A by the transformation 



A = - (*d + v) A = A + - * F, (33) 

which is motivated by this interchange symmety. The right-hand side in (33) 
is the self-duality equation with an opposite sign for the topological mass. 
The new potential A transforms as a connection under the abelian gauge 
transformations. The potential A and the field 



F = dA = i (d * +u) F, (34) 

respectively satisfy the equations (30) and (27) by virtue of (28), (29). The 
field F also satisfies the Bianchi identity dF = 0. The equations (27) and 
(30) in turn yield A = 2A + a and F = IF . A variant of this transformation 
(33) is also observed in [48] and similar features are used in [49, 50]. In 
fact, with a similar reasoning, one can introduce higher order terms of type 
(^ * d) l A where % = 1,2,3,.... The topologically massive gauge theory is 
related to the CS theory through such an expansion of field redefinition in 
[51], [52, 53]. 
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The equation (34) leads to the trivial conclusion that the field 2-form F 
which satisfies the field equation (27) becomes a source for the field equation 
with an opposite sign for the topological mass 



(*d + v) * F = J. (35) 

Here the source 1-form is given as J = 2is * F. In this case: d * J = since 
dF = 0. The self-duality *F = vA yields: J = 2u 2 A = 2AA (28). 

We shall see in section 3.4 that we can interpret (33) as a gauge transfor- 
mation 

A' = A - -U^dU, (36) 
of the potential A on the 2-sphere. We find that the gauge function is 



U = exp (i— j> *F^j = exp ig <j)(A + a) 
upon the identification 



(37) 



- *F = --d\nU, (38) 
v 9 

and using the self-duality equation (31). This is the gauge function which 
will arise in the topologically massive Wu-Yang solution in terms of a loop 
integral that yields the electric charge. 



3.2 The Hopf Map with the Topological Mass 

In this section we present the Hopf map S 3 — >■ S 2 including the topological 
mass. This leads to local topologically massive Wu-Yang potentials on S* 2 
upon using specific sections of S 3 which is locally given as a S 1 bundle over 
S 2 : S 3 pa S 1 x S 2 [14, 15, 16]. The difference from the non-massive Wu-Yang 
monopole [9], [10] which is essentially described by a U(l) principal bundle 
over the unit 2-sphere is the introduction of a natural scale of length by the 
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topological mass. We refer the reader to [19, 20, 21, 54, 55, 56, 57, 58, 59] 
for the basic concepts of the Hopf map and its relation to Dirac monopole 
[14, 15, 16] which we adapt here with the inclusion of the topological mass. 
For a discussion of Wu-Yang type multi- monopole solutions see [60]. 
The Hopf map S* 3 — >■ S 2 is given as 



x 1 = 2^(yV + yY), 

2^(!/V-yV), 



X 



x = 



R 2 



(y 1 ) 2 + (y 2 ) 2 - (y 6 ) 2 - (y 4 ) 2 



[14], [15, 16]. The sections of the 3-sphere (13) corresponding to 
cf) = ip are respectively 



(39) 



-if) and 



z = R cos 



R 



r 2 + Iwl 2 



(40) 



z = -Rsin — exp(— iv<p) = R 



w 



^r 2 + 



w\ 



1 • 2 

x — IX 



w = r- 



r + x 3 



Z V0\ , ■ 

r— = r tan I — I exp(— ivcp), 



and 



z 1 = Rcos (^~7^j exp(iv<f)) = R-j 



r 2 + \z\ 

z 2 = Rsin ( —) = R . r (41) 

x 1 + ix 2 z 1 ( i>6\ .. 

z = r — = r— = r cot — exphu(p). 

r — x 6 z 2 \ 2 ) 

Here z and w are respectively the stereographic projection coordinates of the 
southern hemi-sphere Us and the northern hemi-sphere Un of S 2 projected 

14 



from the north pole and the south pole to the equatorial plane. They satisfy 
zw = r 2 (40), (41). 

The inverse image of a point in S 2 is given by either: z 1 = -zz 2 or 



z 2 = -wz 1 where \z 1 \ 2 + \z 2 \ 2 = R 2 . These are the intersections of S* 3 with 

r I I 1 I I 

hyperplanes passing through the origin. Thus for every point in S* 2 , there 
exists a S 1 fibre which is a great circle of radius R — 2jv in S* 3 [21, 54, 55, 56]. 
These are parameterized as exp(— vipr^) or simply exp(iui()/2) [54]. We shall 
present a stereographic view of these fibres in section 4. 

The 3-sphere S* 3 is locally given as S* 1 x S 2 . However S 1 x S 2 is globally 
distinct [15]. Because on S* 2 the angular coordinate <fi = v<p is undefined for 
9 = v9 = and 9 = v9 = ir. Nevertheless, the two local sections given 
in the equations (40), (41) are respectively well-defined when 9 = u9 = 
and 9 = vQ = n that is on C/jy and Us- The transition function on the 
equator U^f]Us is given by exp(— 2z/0r 3 ) that is exp(iz/0) as one can see 
from equations (40), (41) in analogy with the non-massive case [54]. Note 
that the gauge group U(l) is given by normalizing the radius of S 1 . 

The 1-form (l/2)o; 3 (8) defines a connection on S* 3 which is considered as a 
S* 1 bundle over S 2 analogous to the non-massive case. This gives rise to gauge 
potential A = -(l/2)(u/g)uj 3 . The strength —{\/2){v/g) of the potential 
reduces to —(l/2)ng upon adopting the quantization of the topological mass: 
v = ng 2 . The abelian potential 



dip + cos(i/0)# (42) 

(- y 2 dy l + y l dy 2 -yW + y*dy A ), 
is globally defined on S 3 . This yields the field 2-form 





V 






2 


9 L 


1 


1 


9 


R 2 



1 v 2 

F = - — sin(v9)d9 A d<p (43) 
1 2 

= ~~g i? 2 ^ A ^ + ^ A ^ ' 

which is closed and also exact on S 3 . Because all closed forms on 3-sphere 
are exact [14, 15, 16]. The potential (42) satisfy the self-duality equation 
(31). 
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N 




Figure 1: A N and A b are respectively well-defined over Un and Us- 



However the field 2-form is not exact although it is closed on the 2-sphere 
S 2 . If it were exact it would yield no magnetic charge [7] upon using the 
Stokes theorem. In other words, there exists no globally defined potential A 
on S 2 such that F = dA. Therefore the potential 1-forms 



I TV 



+ 



1 V 

2 £ 



A = 



1 v 
25 



1 — cos(u9) dcj) 



1 + cos(z/#) d(f) = 



1 1 -x 2 dx 1 + x l dx 2 

2 g r(r + x 3 ) 

1 1 —x 2 dx 1 + x l dx 2 

2 g r{r — x 3 ) 



(44) 



on S 2 are locally given by projections of the specific sections <fi = —ip and 
<p = ip (40), (41) of A (42) on S 3 onto S 2 using the Hopf map. These are 
respectively well-defined on the northern and the southern hemispheres: Un 
and Us as shown in Figure 1. The potential 1-forms (44) lead to topologically 
massive Wu-Yang potentials 



A N = + 



1 v 
29 



1 — cosivt 



sin lut 



16 



sin.(vO)d(j), 



(45) 



A s = -\- 



1 + cos(z/6 



2 g sm(u6) 

in the orthonormal frame on S 2 . The potentials and A s have singularities 
at # = jj and 6? = which respectively correspond to the negative and the 
positive x 3 - axis. These yield the same field 2-form 



1 u 2 

F N = F s = F = - — sm(is0)d0 A d0 (46) 

= - - -4 (x 1 dx 2 A dx 3 + x 2 dx 3 A fir 1 + x 3 dx 1 A drr 2 ) , 

2 g r 6 K ' 

on 5 2 . 

We could have considered the sections N: ip = —0 and S: ip = for the 
potential (20) and the gauge function (21) in embedding the abelian solution 
into the YMCS theory in section 2.3. It is straightforward to check that the 
equations (22), (23) are satisfied for these sections. The stringy singularities 
of the potentials A N , A s (44) vanish after these gauge transformations. 

A potential as a local expression for a connection in a bundle is determined 
by a choice of a local section in this bundle [28]. In our solution the term a 
(31) is associated with the specific local sections in the Hopf map. The extra 
a terms for potentials A N and A s (44) on S 2 vanish upon a consistent choice 
of the appropriate local sections N: = —ip and S: = ifj for dual-field 1- 
forms: *F N = (*F) N , *F S = (*F) S while projecting S 3 onto S 2 . Otherwise 
one needs to use abelian gauge transformations on S 3 in order to make these 
terms vanish. The MCS field equation (27) 

d*F N - vF N = , d* F s — vF s = 0, (47) 
and also the self-duality condition (31) 



*F N -uA N = , *F s -vA s = 0, (48) 

are satisfied on each local chart Un and Us of S 2 for the appropriate local 
potentials A N and A s (44). Thus the field determines the local gauge po- 
tential on the 2-sphere up to a gauge term. The Wu-Yang solution that is 
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based on seaming these solutions along the equator Un[)Us by means of a 
gauge transformation exhibits this gauge term. 

The Hodge-duality is based on a locally consistent choice of a global 
orientation which is determined by the co- frame (8) on S 3 . This orientation 
is locally equivalent to the "product orientation" which is induced by the 
orientations of S 1 and S 2 , [55], [57, 58, 59]. The Wu-Yang solution yields a 
locally consistent global orientation. 

We present three special cases of interest concerning the transformation 
of coordinates in the Hopf map (39). In the first case, the transformation 

y l ^-y A , y 2 ^~y 3 , y 3 ^y 2 , y A ^y\ (49) 

which is equivalently given by 6 — > 7r — 6, — > 7r + 0, ip — > 2n — ip on S 3 (13) 
induces the anti-podal map 



x 1 -» -x 1 , x 2 -> -x 2 , x 3 -» -x 3 , (50) 

on S 2 (16), (39). This leads to A -> -A (42), F — > — F (43) and -> 
A s -> (44), F^ 5 -> —F s / N (46). The minus (-) signs in the potential 
and the field vanish if we redefine the gauge coupling constant: g — > —p. 
This transformation amounts to a change of the special sections (40), (41) of 
S 3 . The second transformation 



V 1 -!/ 3 , 2/ 2 -^ 4 , y 3 -!/ 1 , irW, (51) 

leads to 

-> a; 1 , x 2 -> -x 2 , x 3 ->• -x 3 , (52) 

on S 2 . This yields A —> A (42), F —> F (43) and A w -> A 5 , A s -> A N (44), 
irtf/s F 5/tv ( 46 ^ The third cage ig 

y'^y 4 , y 2 -i/ 3 , y 3 -y 2 , y 4 ^y\ (53) 
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which leads to 



x L -> x L , x 2 ^ x 2 , :r d -> -a:' 3 . (54) 

This yields A — > -A (42), F -> -F (43) and -> -A 5 , A 5 -> -A^ 
(44), F 7 ^ 5 -> —F S I N (46). The three transformations (49), (51), (53) are 
orientation preserving. 

3.3 The Topologically Massive Wu-Yang Solution 

The abelian topologically massive Wu-Yang solution is based on patching up 
the local solutions by means of a gauge transformation which contains the 
topological mass as in the non-abelian case. The potential 1-forms A N and 
A s (44) differ by an abelian gauge transformation 



A N = A s - -U^dU, (55) 
9 

where U = exp {iv§). If the strength of the potentials A N and A s (44) were 
±(l/2)ng then we would find v = ng 2 in the gauge function. This conversely 
yields ±(l/2)v/g = ±(l/2)ng as the strength of the potentials. The gauge 
function U = exp (iu(f>) is analogous to that of the non-massive Wu-Yang 
monopole [9] which contains the dimensionless factor eg. The difference lies 
in the physical dimensions: [u] = [g] 2 = L^ 1 . In this case, the phase u<p 
defines the dimensionless angle: <fi = v<p in terms of which the gauge function 
is single- valued: < <fi = v<p < 2ir. One could discuss quantization of the 
topological mass using the arclength in units of radius that is angle on the 
circle of unit radius g — 1 ignoring the relevant physical dimensions. 
The magnetic charge Q [7] is 



Q= I F = 2tt-, (56) 
7s2 g 



1 

9 

(46) as in the non-massive case. We decompose this integral into terms 



Q = f F= I dA N + £ dA s , (57) 

JS 2 JU N JUs 
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which are locally well-defined over the charts Un and Us- These reduce to 
loop integrals 



of the potentials A , A s over the common boundary UnC\Us, the equator 
determined by the parallel P : 9 — v9 — |, if we use Stokes theorem. We 
can write this as 



using the equation (55). The gauge function is U — exp(igQ) in terms of 
the magnetic charge (56). 

The equations (56), (57), (58), (59) are basically the sum of integrals 
of the field equations (47). Because the field strength determines the local 
potentials via the self-duality conditions (48). Therefore the gauge function 
can equivalently be given in terms of the electric charge as we noted in (37). 
This construction is valid for any parallel P which is determined by the angle 
9 = vQ since the polar terms of A N and A s cancel out in (58). For 9 = or 
9 = it the expression (58) reduces to integration of one of the field equations 
(47) via the Stokes theorem. 



3.4 The Wu-Yang Solution and The Self-Duality 



The local solutions (47), (48) have a composite structure which consists of 
both magnetic and electric charges. This is basically due to local character 
of the field equation. The Wu-Yang solution is simply based on patching up 
these local solutions by means of a gauge transformation. Because the field 
strength locally determines the potential up to a gauge term. The underlying 
reason for interpreting the equation (33) as a gauge transformation (37) is 
the field equation itself which leads to this composite structure. 

The integration of either of the field equations (47) over the relevant chart 
yields 




(58) 




(59) 



$ - U Q = 0. 



(60) 
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Here <3> is the electric charge which is defined as 



This reduces to 



J s2 d*F. (61) 



$ = j *F = v j A, (62) 

a loop integral over the boundary of the relevant chart which is given by the 
parallel P upon using Stokes theorem. Here the last equality follows from 
the equation (48). Thus 



Q = 1$ = / A. (63) 
v Jp 

We can write the gauge function in the Wu-Yang solution as 

U = exp(igQ) = exp (^$) , (64) 

in terms of the magnetic or the electric charge. Therefore the two gauge 
functions in (37) and (59) coincide. Note that the superscripts N/S in the 
equations (60), (61), (62), (63), (64) are omitted for the sake of conciseness. 

The magnetic and the electric charges associated with the potentials A N 
and A s on S 2 except the poles 9 = n and P : 9 = are 



N_ 1 ^N_f A N r>S_ l ^S_ 1 \S 



Q^ = _$^ = <£ A n , Q* = -$^ = -<£ A 

V JP:d=TT V JP:8=0 

= 271- = 27T-, (65) 

9 9 

(56) (61), (62), (63). The quantization of the topological mass: v = ng 2 
leads to quantization of the electric charge: Q N = $ 5 = 2nng. The parallels 
P : 9 = tt and P : 9 = refer to very small loops around the poles. These 
equations will lead us to Archimedes map in section 4.2 which yields a simple 
picture of the Wu-Yang construction in terms of area and arclength. 
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a) 




Figure 2: The local charts of S 2 have boundaries at the parallels P around 
the poles which correspond to singular points. 

If the Wu-Yang construction is carried out around an arbitrary parallel 
P : 6 = u6, the magnetic and electric charges are partially given by 



Q 



N 



-$ N 

V 



1 

7T- 

9 



A 



N 



p-.e 



v Jp-e 



cos(u9) 



= 71- 

9 



1 + cos(i/0) 



(66) 



The total magnetic and the electric charges are respectively Qt = Q N + Q s , 
$ T = § N + Qt = (1/^)$t since the two charts constitute the 2-sphere. 
The gauge function is U — exp {iv4>). Its line integral over the parallel yields 
the total magnetic charge Qt or equivalently the electric charge $t- 

We can explicitly write the Wu-Yang construction with the electric charge 
as follows 



/ d*F= [ d * F N + [ d*F 

JS 2 JU N Ju s 



(67) 
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= j^ F N - *F S ) 
= vj p {A N -A s ) 

= --vl U- x dU. 
g Jp 

Here we used (48). This yields U = exp [i(g/v)$\ (64). 

Although the dual-field 1-form covariantly transforms as: *F' = U^ 1 * 
FU on S* 3 , its sections: *F N , *F S on S 2 transform as proportional to the 
potentials. Because choice of these local sections endows us with potentials 
as local expressions for the connection which are determined by the field itself 
via the self-duality condition. 

3.5 The First Chern Number 

Consider the generalization 



A = A + - * F, (68) 

of the transformation (33) where k is an arbitrary constant. This is equivalent 
to scaling the potential A by a dimensionless factor modulo a closed term 
(31). The new potential A transforms as a connection under abelian gauge 
transformations. The equation (68) yields F = dA = (27) for k — — 1, 

The sections A N and A s of the potential A (68) which are 1 + k multiple 
of the potentials (44), (42) are well-defined respectively on Un and Us- The 
magnetic and electric charges associated with the potentials A N and A s are 

Q = (l + k)Q , $ = (1 + A;)$ (69) 

= 2n-(l + k) =27T-(1 + Jfe), 

9 9 

where $ = uQ. This yields $ = 2n(l + k)ng if we use v = ng 2 . The transfor- 
mation (68) changes the magnetic and the electric charges by k units. The 
potentials A N and A s differ by a gauge transformation: U = exp [i (1 + k) v(f>\ 
(55). The Wu-Yang construction with the potentials A N and A s yields 
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U = exp (igQ) = exp [i(g/v)$\ = U 1+k . The gauge function is single- valued 
in the interval < v<p < 2n if k is an integer. 

The First Chern number C [54], [61] is given as 




(70) 



This is determined by the winding number of the gauge function U : S 1 — > S 1 
[54] as we shall discuss in section 5. 

4 Three Geometric Structures 

In this section we present three geometric structures which arise in connection 
with our solutions. The first is a stereographic view of fibers in the Hopf map. 
The second is Archimedes map from S* 2 to the cylinder around it. The third 
is the expression of the geometric phase suffered by a vector upon parallel 
transport on S 2 in terms of holonomy of the topologically massive gauge 
potential or the dual-field. 

4.1 A Stereographic View 

In the Hopf map S 3 — > S 2 (39), for every point in S 2 there exists a corre- 
sponding great circle S 1 of radius R = Ijv in S* 3 . These great circles can be 
explicitly found by inverting the Hopf map. Equivalently they are given by 
intersections of S 3 with hyperplanes passing through the origin. 
The stereographic projection S 3 — > R 3 



from the pole N(R, 0, 0, 0) of S* 3 provides a stereographic view of these S 1 
fibers, as given in Figure 3 [19], [20, 21]. Each torus in the figure is made 
up of circles corresponding to points on a parallel determined by 9 on S 2 . 
These circles are called Villarceau circles. The circle corresponding to the 
north pole on S 2 is given by the X 3 -axis. The innermost circle with radius 




(71) 
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R in the (X 1 , X 2 ) plane corresponds to the south pole. The tori respectively 
correspond to the parallels 6 = 7r/(Av), 9 = n/(2v) and 6 = 3tt/(Av). The 
Villarceau circles are linked once with each other. This yields the geometric 
interpretation of the Hopf invariant in terms of the linking number of the 
Villarceau circles [21], [57, 58, 59]. 




Figure 3: The (X 1 , X 2 , X 3 ) axis are chosen in accordance with a right-handed 
coordinate system. 



4.2 The Archimedes Map 

The Archimedes map [22] or the Lambert projection [23] as it is sometimes 
called from S* 2 to the cylinder over its equatorial circle provides a simple 
geometric explanation of the Wu-Yang construction and the field equation 
in terms of area and arclength. The Archimedes map 

A(x,y,z) = r x, T = y, z), (72) 
\yr z — z z yr z — z z J 

is shown in Figure 4 [(x 1 ,^ 2 ,^ 3 ) — >■ (x,y,z)]. Choose a point P, except 
the poles, on S* 2 and draw a straight line perpendicular to the axis of the 
cylinder which passes through P. The image of P is defined as the point of 
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intersection of this line with the cylinder. This yields z — (1/u) cos(z/#) and 
4> denotes the length of arcs on parallels of the cylinder. This map is area 
preserving. 




Figure 4: The Archimedes map is area preserving. 

Consider two spherical caps D N and D s which are determined by the 
parallel z respectively around the north and the south poles. The images 
of D 7v and Ds are respectively given by the cylindrical regions Cjv and C5. 
The area of a very small region on the sphere is given by the 2-form s = 
sm(v 0)d0 A d<f>. The 1-forms 

a N = ^[1 - cos(i/0)]# , a s = + cos(v9)]d<i), (73) 

respectively yield the area 2-form s N = s s = s over and Ds- s N = da N , 
s s = da s . The area of the corresponding region on the cylinder is given by 
h = -dz A d<p. Then h N = db N , h s = db s where 
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b N = - z^j d(f> , b s = - Q- + z^j d<p. (74) 

Here b N is the area of the vertical strip between the parallels z — 1/v and 
z — (1/v) cos(v6) of height k N = (1/v) — z and base length d(f>. Meanwhile 
— b s is the area of the vertical strip between the parallels z — (1/v) cos(v9) 
and z — — 1/v of height k s = + z and base d(f>. The area of D N and 

D s 



S N = s N =i a N , S s = s s = -i a 3 

JD N JdD N :P[6] JD S JdD s :P[0] 

= 2tt^- [1 - cos(v9)} = [1 + cos(v0)} 

V 2 V 2 

= 2 ^(M = 2 *l(l +z )' < 75) 

are respectively equal to the area of the regions Cn and Cs- These are 
respectively given by the area of the rectangles with base 2n(l/v) and height 
k N and k s . 

The Wu-Yang solution is based on pasting the caps and Ds along 
the common boundary P : z(9). We need a dimensionful factor: v 2 /2g 
for the sake of dimensional consistency: F = (v 2 /2g)s, A N = (v 2 /2g)a N , 
A s = (v 2 /2g)a s and Q N = (v 2 /2g)S N , Q s = (v 2 /2g)S s . The gauge trans- 
formation formula (55) yields U = exp[i(2<f)/v)v 2 /2] where the factor 2(f) /v 
is the area of a vertical strip of height 2/v and base (f> on the cylinder. 
This leads to U — exp(igQ) where Q = (An / v 2 )v 2 /2g 1 in terms of the total 
area of the sphere or the cylinder. The 1-forms *F N and *F S are given as: 
*F N = vA N , *F S = vA s . These yield § N = tx(v 2 / ' g)k N ', $ 5 = n(v 2 / g)k s . 
Thus we can interpret the integrated field equations (60) simply as the area 
formula: height = (l/base)area of a rectangle of height k and base 2n/v up 
to an overall factor of v 2 /2g 

The quantization of the topological mass: v = ng 2 can be interpreted 
as division of the rectangle with base 2n/g 2 and height 2/g 2 into n 2 similar 
sub-rectangles of equal area. 
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4.3 The Geometric Phase 



The analogy between the Berry phase [24], which corresponds to holonomy 
in a line bundle [25], and the magnetic monopole is well known, [26, 27], 
[29, 30, 31, 32], [33], [34]. The classical example of this is the geometric 
phase suffered by a vector upon parallel transport along the lattitude 9 on 
the 2-sphere [23], [28]. We can express this geometric phase in terms of 
holonomy of the topologically massive gauge potential or the dual-field. 

Consider a vector X which is tangent to S 2 at longitude = and 
latitude 9 as shown in Figure 5. If we parallel transport this vector along the 
latitude, after a complete revolution, it suffers a phase 7 which is determined 
by the solid angle f2 subtented by the parallel P at latitude 9 in S* 2 [24], 
[29, 30, 31, 32], [34]. This is given as 



7tv = -SIn , ls = ^s (76) 

= -2tt[1 - cos(i/0)] =2tt[1 + cos(i/0)], 

using the arclength parameterization. Note that 7at — 75 = — 47r although 
In 7^ 7s- It is straightforward to verify this by solving the equation for 
parallel transport V^X = with the metric (18) on S 2 [28]. This equation 
reduces to 



—— + iv cos(v9)Z 
d(p 



0, 



(77) 



[23]. We find 



Z(2tt-) = Z{0) exp{-i I v\\ - cos{v9)}d<f)} , (78) 
v Jp 

for a complete revolution. Here Z(0) and Z(2n/v) respectively correspond 
to the initial and the final vectors X i: Xf. The phase in (78) reduces to 
the solid angle in (76) which is subtented by the parallel P via the Stokes 
theorem. 
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Figure 5: The geometric phase 7 suffered by a vector X upon parallel trans- 
port along the latitude P : 9 is determined by the solid angle f2. 

The phases (76) can be written in terms of holonomy T of the topologically 
massive gauge potential or the dual-field over the parallel P as 

lN = -2T N , ls = -2T s , (79) 

where 

T N = Q N = U N , t s = -Q s = -U s , (80) 

v v 

(66) and the factor 1/g is ignored. Here T^v — T s = 2n. The phase factors 

corresponding to holonomy of the sections A N , A s of the potential (68) are 

equal 

exp(iT N ) = exp(iT s ), (81) 
since p = 1 + k is an integer. 
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5 The Quantization of Topological Mass 



If the strength of the potentials A N , A s (44) were ±(l/2)m<? then the gauge 
function would be U — exp (img 2 <j)) = exp (ipvfi), see section 3.5. This would 
yield U = exp (i2nmg 2 / u) in terms of the total magnetic and electric charges 
$ = vQ = 2-King. 

The expression U = exp (i2irmg 2 /v) = exp (i2np) implies v = ng 2 with 
p— m — 1 + kan integer. Hence m is quantized in units of n. Here p is 
the winding number of the gauge transformation which corresponds to the 
negative of the first Chern number. Thus the arclength parameterization 
leads to r = 1/ng 2 . Then U = exp {img 2 (f)) is single- valued on this circle. 
Because as ucj) — > z/0 + 2ir 

U = exp (img 2 (j)) — ► exp [i2np) exp [img 2 <j)) , m = pn, (82) 

since < v<p < 2tt. More generally, U — > exp (i2npl)U as v<f> — > z/0 + 
27r/ where / is an integer. Then I' = pi is an integer too. Note that this 
discussion implicitly amounts to a redefinition of the arclength: <fi — > p0 
without changing the length scale defined by v. 

Further we require U = exp (img 2 (p) to be a single- valued function of <p 
independent of any a priori choice of a scale of length, neither by redefining 
the arclength nor by imposing the condition < < L = 2-njv on it. 
The identification r = 1/ng 2 provides a fundamental unit of length 1/g 2 or 
A = 2n/g 2 over which any gauge function is single- valued. Then as g 2 (j) — > 

£/ = exp (img 2 (f)) — > exp (i2nm) exp (img 2 (f)), (83) 

since < g 2 < 27r. This yields an integer value for m. More generally, 
U — > exp (i27rmk)U as (7 2 — > g 2 4> + 27rk where fc is an integer. Then I' = mk 
is an integer too. This leads to the quantization of the topological mass. 
Because if m = pn is an integer for any integer p then n is an integer too. 
The converse is also true. 

Thus the quantization of topological mass further requires that the circle 
of perimeter L = 2ir/v has been wound n times by the fundamental circle 
of perimeter A with locally invariant arclength. This leads to / = nk which 
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yields I' — pi — mk. More precisely, as changes from = to = IL = 
l(X/n) this circle is traversed I times. Meanwhile, the fundamental circle is 
traversed k = l/n times. If k is an integer, then / = nk is an integer if and 
only if n is an integer too. Thus the fundamental circle covers this an integer 
(/ =)n times and its radius is r = X/(2irn) = 1/ng 2 . The quantization of 
topological mass amounts to a discrete change of scale which arises from a 
winding by the circle of fundamental size with invariant arclength. Intuitively 
number n is a measure of the topological thickness of the winding as the name 
topological mass suggests. 

We can see this if we rewrite v = ng 2 as 

A =n. (84) 



2tt! 

V 

Then the gauge function U = exp (iz/0) is given as 



U = exp (i— — 0). (85) 
A 

If U is a single-valued function of with the fundamental length scale A for 
any n then n has to be an integer. The fundamental length scale A = nL 
is the least common multiple of intervals over which the gauge function is 
single-valued and periodic for any integer n in addition to the fact that it 
has a smaller period L = X/n [19]. 

In other words the quantization of topological mass reduces to quantiza- 
tion of the inverse natural length scale in units of the inverse fundamental 
scale. We can associate the integer n with a winding number of mapping of 
circles using the arclength parameterization. 

In the fundamental units: g = 1 the arclength reduces to angle: < < 
27T and the topological mass becomes v = n. One could identify the number 
n with the topological winding number p ignoring the physical dimensions 
and discuss the quantization of topological mass. If U = exp (iu<p) is single- 
valued on the unit circle then n is an integer. 



5.1 The Winding Numbers 

The Hopf map (39) defines a S 1 bundle over S 2 with a natural scale of 
length determined by the topological mass. The gauge function, that is the 
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transition function of the bundle is given by a map h : Sh\ — > ^'(2) fr° m 
the equator Sh\ = Un f] Us of S 2 to the manifold of the gauge group S' 1 ^ 

[54]. The group U(l) is given by normalizing the radius of S'* 2 y Topological 
structure of the bundle is determined by homotopy class of the transition 
function which is characterized by the winding number of S^ about S' 1 ^ 
[54, 57]. This winding number, which is associated with the magnetic charge 
of the monopole, corresponds to the negative of the First Chern number of the 
bundle. Meanwhile the size of S'^ 2 ) (also ^h)) is determined by a winding 
/ : — > S"( 2 ) °f t ne circle of fundamental size with locally invariant 
arclength. 

The winding number of a map u : S^ — ► S^ is defined as the degree 
of this map 



u*{u {2) ) = deg{u) & u (2 y (86) 

5 (1) JS (2) 

[59, 62, 63]. Here cup) is the arclength 1-form on and u*(cup)) is its pull- 
back onto Shy The map u is uniquely defined for each point in Sh\ and it 
is single- valued in Sh* if and only if the degree deg(u), which measures the 
effective number S^ is covered by S^y is an integer. Note that this definition 
is independent of choice of a length scale. In the non-massive case, which has 
no natural scale, this map is defined only in terms of angles. In the present 
case we use arclength parameterization for defining this in accordance with 
the natural scale of length. 

The gauge function U is given by h : S^ — ► S"( 2 ) 

exp(w0' (2) ) = exp(ipi/0 (2 )), (87) 

where the circles and S"( 2 ) are of the same radius = rp) = Then 
0(2) = W>(2) while 0' (2) = p0( 2 ). We find 

degih) = p, (88) 

since r^/f'p) = 1 (86). Hence, as S^ is traversed I times, S' 1 ^ is traversed 
I' = pi times. Note that degih) = p is independent of choice of any length 
scale r[ 2) = r (2) . 
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Consider the function g : Sh 



expO0 (2) ) = exp(mz/ (1) (1) ), (89) 

which maps the circle onto with locally invariant arclength 0( 2 ) = 0(i) 

where = 1/g 2 . Then = nr^ 2 ) and A = nL while 0( 2 ) = The 
degree formula (86) yields the winding number as the ratio r^/rp) 

deg(g) = n. (90) 

Hence, as is traversed k times, is traversed I = nk times. The radius 
rp) of circle S^ 2 ) is determined by the winding number n = r^/r^)- 
The composite mapping / = h ■ g is given as 

exp(iv(f)[ 2) ) = exp(i7TM/(i)0(i)). (91) 

In this case 0^ = p<p(\) while ^ 2 ) = m 0(i) since r^) = W/ 2 ), m = np. The 
degree formula (86) yields the winding number as the product 

deg(f) = m. (92) 

Then as Sl^ is traversed k times, S"( 2 ) is traversed V = mk times. This is 
equivalent to the case in g. That is, m = np is an integer for any integer p 
if and only if n is an integer too. We find m = n for p = 1 while m = p for 

W r (2) =n = l. 

5.2 Dirac Quantization Condition 

We can now elucidate the acclaimed relation between the quantization of 
topological mass and Dirac quantization condition [36, 37]. Consider Dirac 
potentials A N ^ S of magnetic strength g' on the respective charts Ujq/s °f •S' 2 
with radius r — \jv 

a n/s = ± 1 , v ^ _p cos (^)] rf = ± [1 T cos(i/0)] #, (93) 
2 2 o 
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where gg' = n'. The relations gg' = n' and v = ng 2 yield vg' = sg [37], 
s = nn' . The magnetic and electric charges associated with the potentials 

A N / S are 

Q N/S = 2-ng', <& N ' S = 2-ng'v = 2-nsg. (94) 

The potentials A N ^ S differ by a gauge transformation U = exp(igg'u(f>). 
The Wu-Yang construction yields the gauge function as U — exp(i27igg') 
in terms of the magnetic or electric charges. Thus gg' = n' or equivalently 
p' — n' (p — 1) is an integer. If ml — s is to be an integer as described above 
then n is an integer too. 

6 Conclusion 

We have considered euclidean Wu-Yang type solutions of the MCS and the 
SU{2) YMCS theories on the dS space S 3 . We have discussed the intro- 
duction of a physical scale of length determined by the inverse topological 
mass v ~ ng 2 in these solutions from a geometrical point of view. We have 
embedded the abelian solution into the YMCS theory by means of a £77(2) 
gauge transformation which has winding number w — 1. The total action 
for this solution only consists of the YM piece. The action for the abelian 
solution vanishes. 

In the abelian case the field locally determines the potential up to a closed 
1-form via the self-duality equation. We have introduced a transformation 
of the gauge potential using the dual-field strength which can be identified 
with a gauge transformation. 

Then we have discussed the Hopf map £ 3 — ► £ 2 including the topological 
mass. This has led to a reduction of the field equation onto £ 2 using local 
sections of £ 3 . The Hopf map has given rise to the local potentials on £ 2 
which differ by a gauge transformation. These solutions have a composite 
structure consisting of both magnetic and electric charges because of the 
local character of the field equation. The quantization of the total electric 
charge $ requires the quantization of the topological mass. 

This has naturally led to the Wu-Yang solution which is based on seam- 
ing the local potentials across the common boundary by means of a gauge 
transformation. The gauge function can be expressed in terms of either the 
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magnetic or the electric charges. We have also presented abelian solutions 
with different first Chern numbers. 

We have also presented three geometric structures which arise in connec- 
tion with our solutions. We have presented a stereographic view of the fibers 
in the Hopf map. The Archimedes map has provided a simple picture for the 
Wu-Yang solution. This has led to a simple interpretation of the composite 
structure in terms of the area of a rectangle. We have also expressed the ge- 
ometric phase suffered by a vector upon parallel transport on S 2 in terms of 
the holonomy of the topologically massive gauge potential or the dual-field. 

Then we have discussed quantization of the topological mass v = ng 2 in 
the abelian case. In geometric terms, quantization of the topological mass 
reduces to quantization of inverse of the natural scale of length L = 2n/ng 2 
in units of the inverse of the fundamental length scale A = 2n/g 2 . The 
fundamental length scale A is the least common multiple of intervals over 
which the gauge function is single-valued and periodic for any integer n in 
addition to the fact that it has a smaller period L = X/n. The number 
n can be identified with the winding number of a function that maps the 
circle of fundamental size about this circle with locally invariant arclength. 
Meanwhile the First Chern number is given by the winding number of maps 
of circles of the same size L. We have also discussed Dirac quantization 
condition. 

Finally we would like to point out a naive analogy between the natural 
length scale introduced by the topological mass and the Hall resistivity R = 
l/ng 2 . The monopole/instanton type solutions presented here might provide 
a geometrical explanation for the levels if the particles in the Hall effect gave 
rise to a gauge theoretic system with a fundamental length scale 1/g 2 . An 
immediate prediction would be the effect of quenching if the sample size is of 
the order of radius of these particles' orbits, while the smaller orbits survived. 

We remark that the most distinctive feature of the topologically massive 
gauge theories is the existence of a natural scale of length introduced by the 
topological mass. We have demonstrated that incorporation of this crucial 
fact which was ignored in the literature, settles down the physical discussions 
into a consistent geometric frame. To the knowledge of the author, the 
solutions and geometric constructions presented here which clarify this issue 
are lacking in the literature. 
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